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=: ∞
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(�L(@GI*)�@BL(E,+
Z[= Y � �����dZ[= Y e �Wj��dZ[= Y VSU$J$R^k

:=
<;= Y FWZbmpF Y ��BD=�N Y

=: sinx
�
sin(x)

�
sin 10◦Z[=?J Y � ��@�V

:=
<;=�J Y FdP O$N Y @ � Y kd> � V

=: signb1E Y �5��O$>SR �5� � =
:=
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4 >SR[�;odR l BD>0<Cr^cdRD>A=?@ � >S=?Z[> Y O4>ARD@Q>qZ[Z[>AR Y kC=�> ��>qZb@WH$R[�4>A=�B P H&B[cW>AP H&BD=?ZDr^cd>AR E�FWZDkCRDoWr^�$>4v<;=?>ikCodR[mp> Y 1u>SkCNCr^c Y FWR O4>AR � > Y kC>AB � >AR^kC> Y*$R� > YWY kdH4kCFdR^r^c��$>S= Y > �>ScdR^kC>AFCBD=�J4�$>S=\BD> Y> Y B^ZuBD>Acd> Y v 4 N$R.=?cdR[>SR5>AR^ZuBD> Y84 >SR � > Y kCF Y J�P�oWZDZb> Y84 >SR[�;odR l F Y J$> Y kCFdR^r^c kC=?> H�FWZb~mpodcWR[`?=?r^cW>5<Cr^cWR[>S=�@ � >A=aZb>�>SR[�;`a]�R[B � >AR^kC> Y v 
 FQZ[]�B l `?=ar^c ZbN4`�`�B[> Y kC=?>0O4>ARD�;odR l B[>5<Cr^cdRD>A=?@C~
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=?Pn`aH�Fdmp> Y kC> Y f{>A��Bq}��eg= � j�.��C=
= Y kC>AR � Y mpN�~ �0H�B[>A=�}��eg= � j�.��C=
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4 N4RDZDr^cdRD=\m BD> Y = Y kC> Y E�@WZ[r^c Y =\B[B[> Y V4v w/@d=aZ�V4v � FdP l FQZb>AB l > Y v
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��P � H$`�`?>O$N Y <3'�P6@QN4`�> Y kC>AR� .R[F�� �Q> T P6F2&:kC=?>�E�� < kCFdR^r^c ��>+" Y =�B[=?N Y >A= Y >SRY >SFd> Y E.<����.��~�L�N$BDH�B[=?N Y >AR � >A=�B[>AR[B � >SRDkd> Y v �.H l F�Zb= Y kkC=?> l FWZuB^] Y kd=�J4> Y �=�BDH�RD@I>A=�~BD>AR���= YdY > Y kC>qZ < 
 <6kC>AR X�Y =�O4>AR^Zb=�BD]�B _�H$R[`aZ[R[FdcW>.e|fih0j @ lM� v�kC>AR E�R[@I>A=�BDZ[J$RDF����I>AR kC>SRf X �0R[>qZ[kd> Y%l F1�$N Y ZbFW`\BD=�>SR[> Y v



� � ��������� � � ����� � 
 ����� ������� ����
 ��� � �

����� � �@ ����& O2����/?AC	�  "8 

����
6�
� �C-:�%��������)+�:�6��)0� !�; ��& &B�9$

gqEZgqH
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E�` �dcWH
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� > BDH
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:=
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=: Γ γg � gqk
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:=
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:=
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 >A=ar^cd> Y kdH$R[J4>SZbB[>S`�`�BSv �.H$Z�>AR^ZuBD> 
 >A=ar^cd> Y =aZuB{kd>AR <;N Y kC>SRb~mpF Y �4BD=�N Y ZDH Ydl >A=?J$>ARiE��QN�ZuBDR[N��dc�v
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:=
E�� l > Y B�H�=?J$F

=: é> V 8 :=
E�� l > Y B�J$R^H�O$>

=: è> V ˆ :=
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X H X E X @ X � :=
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� > Y kC> B =: Dn

(�L(@GI*)�@BL(E,+

kCm �&k;� �dk;mbep�dj �&k;� �Wk �&k;�;mbe �Wj
:=
V$vWE�@d`?>A=\BDF Y J kC>SR � F Y �4BD=�N Y mbe �Wj Y H$r^c��

=: df
dx

� df(x)
dx

�
d
dx
f(x)

m
8
e �dU4j ����mbep�dU4j

:=
V$vWE�@d`?>A=�B[F Y J O4N Y m H Y kC>SR�<�B[>S`�`?>5�dU

=: f ′(x0)
�
Df(x0)

epm
8
eg� Y V�jbj �{e � 8

� Y V�j�m :=
ep� Y Vqj�~|BD>�E�@d`?>A=�B[F Y J O$N Y m

=: f (k+1)
�
Dk+1f

k;m ��k;� � e[e �I.=gA�Wj�� j��k;m ��k;� � �I.=gA� :=
V4v0E�@d`�>S=\BDF Y J)O4N Y m Y H4r^c�� H Y kC>SR<;B[>A`?`?> �I.��;=���H�FQZumpodcWR[`?=?r^cW> F Y k O$>AR[~�;odR l BD> <dr^cdR[>S=�@ � >A=aZb>4v L0H$r^c)>S= Y P H$`�=�~J4>AR s RD�;`?]$R[F Y J�kCFWRDr^c�kC=?> H$FWZbmpodcdRD`�=�~r^cW>0<Cr^cdRD>A=?@ � >S=?Z[>iZbN4`�`�B[>�kd=�>�O4>ARD�;odR l B[><dr^cdR[>S=�@ � >A=aZb>.O$>SR � > Y kC> B � >AR^kC> Y f

=: df
dx
|x=ξ

muv
:=
V4vWE�@W`�>S=\BDF Y J O$N Y m Y H$r^c1kC>SR 
 >A=�B B

=:
.

fmuv?v
:=
TdvWE�@W`�>S=\BDF Y J O$N Y m Y H$r^c1kC>SR 
 >A=�B B

=:
..

f
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�	���4� � ? & ->$���� ! !�� �<& !��3� $�2� �5

gqk � gSkC�;�����0�
:=
V$v �WH$RbBD=�>S`�`?>iE�@d`?>A=�B[F Y J Y H$r^c kC>AR ��~�B[> Y
4 H�RD=aH�@d`?> Y �;� =: ∂

∂ xk

�
Dk

(�L(@GI*)�@BL(E,+

�6V m
:=
V$v��WH$RbBD=�>S`�`?>�E�@W`�>S=\BDF Y J�O4N Y m Y H$r^c/kC>AR >AR[~ZuBD> Y 4 H�RD=?H$@d`?> Y

=: D1f

gqk;m � gqk;�
:=
V$v��WH$RbBD=�>S`�`?>�E�@d`?>A=�B[F Y J O$N Y m Y H$r^c��

=: ∂f
∂x

gqk;mbep�dU $ ';U�j � gSk2' �
gqk;m � gqk3'�e �dU $ 'CU4j :=

V$v �WH�R[B[=?>A`?`�>�E�@d`?>A=�B[F Y J O4N Y m Y H4r^c7' H YkC>AR�<�BD>A`?`�> ep�dU $ 'CU4j
=: ∂f(x0,y0)

∂y

� ∂f
∂y

(x0, y0)

� 1������e1gSk
8
T4j � gSkC�R1�gqk;�C� :=

TCv �WH�R[B[=?>A`?`?> E�@d`?>A=�B[F Y J Y H4r^c kC>AR 1�~B[> Y F Y k ��~�B[> Y 4 H�RD=?H$@d`�> Y �?1 F Y k/�C� =: DjDk

� ∂2

∂xj∂xk

(�L(@GI*)�@BL(E,+

�6V �5T�m
:=
TCv �QH�R[B[=?>A`?`�>3E�@d`?>A=�B[F Y J Y H$r^c kd>AR:>SRDZbB[> Y F Y kl+� >A=�B[> Y 4 H$R[=aH�@d`?> Y

=: D1D2f

e1gqk
8
T$j�m � gqk;�@gSk2' �

gqk � gqk;��e gqk;m � gqk3'dj :=
TCv��WH$RbBD=�>S`�`?>�E�@d`?>A=�B[F Y J O$N Y m Y H$r^c���F Y k�'

=: ∂ 2f
∂x∂y

� ∂
∂x

(∂f
∂y

)

e1gqk
8
T$j�m � gqk;� ∗∗ T :=

Tdv��WH�R[B[=?>A`?`?>�E�@d`?>A=�B[F Y J O$N Y m Y H$r^c��

=: ∂ 2f
∂x2
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�	���4� � � � � $+*=-�&  �&�! �4)���)

gqk � gSk X O ��� e X O�� j :=
�i=ar^c�B[F Y J�Z[H$@d`?>A=�B[F Y J = Y ��=?r^c�B[F Y J O

=: ∂
∂v

�
Dv

(�L(@GI*)�@BL(E,+
gqk;mbe X gA�dj � gqk X O��gqk;m � gqk X O�e X gA�Wj��� e X O�� j�mbe X g �Wj

:=
�i=?r^c�BDF Y J4ZDH�@W`�>S=\BDF Y J:kC>SR � F Y ��B[=?N Y m�=�P
7 F Y ��B�J4R[=?>Sr^cd=aZDr^c �C=�= Y �i=ar^c�B[F Y J O

=: ∂f(ξ)
∂v

� ∂f
∂v

(ξ)
�
Dvf(ξ)

L0H�@
:=
L�H$@d`aH�N �I>AR^H&BDN$R

=: ∇� H��
:=

�{H �d`aH$r >SN �I>AR^H&BDN$R
=: 4

0 ��
 6D��"8 �	��$C �, 

� Y B
:=

� Y B[>SJ$R^H�`
=:

∫

(�L(@GI*)�@BL(E,+

� Y B�� H"� @ � mbe �Wjbk;�
:=

� Y BD>AJ4RDH$`IO4N Y mbe �Wj = Y kC> Y  .R[> Ydl > YO$N Y H @d=aZi@ =:
b∫

a

f(x)dx;

∫ b

a
f(x)dx

� Y B�� ~ V ` � Y V ` � :=
F Y >A=?J$> Y B[`?=?r^cd>qZ�� Y B[>AJ4RDH$`

=:
+∞∫

−∞� Y B�� ��� �
:=

� Y BD>AJ4RDH$`IoW@Q>SR �
=:

∫

I� Y B�� gSJ"� � X mbe X �Wjuk X � :=
� >SJ$= Y BD>AJ4RDH$`IO4N Y m `a] Y J�Z J4H$P P H

=:
∫

γ

f(x)dx

� Y B�� X g � � � mgk@gqZ :=
? @Q>SRbGQ]4r^cd> Y = Y B[>SJ$R^H�`1kC>SZ3<C��H$`?H$Rb~mp>A`akC>SZ m od@I>AR�kd=�> � `?]4r^cd> 7 cd= =:

∫

Φ

fdσ

� Y B�� X g � � � X � ∗ X Y kIgSZ :=
? @I>AR[GQ]4r^cd> Y = Y B[>SJ$R^H�`�kC>SZ 4 >A��B[N4Rb~mp>A`akC>SZ � od@I>AR�kC=?> � `?]4r^cd> 7 cd= =:

∫

Φ

F · ndσ
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� Y B X ” ” :=
F Y BD>ARD>SZ��.H�RD@QN4FC�dZ[r^cd>qZZ� Y BD>AJ4RDH$`

=:
∫

−

� Y B
˜ :=

N4@Q>SR[>qZ��.H�RD@IN$FC�dZDr^cd>SZZ� Y B[>SJ$R^H�`
=:

−∫

(�L(@GI*)�@BL(E,+
� Y B X ” ”

� ��� �
:=
F Y BD>ARD>SZ��.H�RD@QN4FC�dZ[r^cW>SZZ� Y B[>AJ4RDH$`�H�FCm �

=:
∫

−

I

� Y B \\ e|j :=
� Y B[>AJ4RDH$` od@I>AR >S= Y > Y J$>qZ[r^cW`�N�Z[Z[> Y > Y
� >AJ $ >S= Y >�J$>SZDr^cd`?N4ZDZb> Y > ? @I>AR[GQ]4r^cd> =:

∮

(�L(@GI*)�@BL(E,+
� Y B \\ e�juh ˆ

kdR
ˆ :=

� Y B[>SJ$R^H�`�O$N Y 4 >A��B[N4R h�od@I>AR >A= Y > Y J$>A~Z[r^cd`?N4ZDZ[> Y > Y � >AJ =:
∮
~Hd~r

� Y B \\ e ˆ j :=
� Y BD>AJ4RDH$` od@Q>SR >S= Y > Y J$>qZ[r^cd`?N4ZDZ[> Y > Y
� >AJ =�P P H&BDcd>AP H&BD=?ZDr^c �QN�Zb=�B[=?O$> YX P/`aH�FCmgZ[= YdY

=: 	
∫

� \ :=
_5>A=?` �WR[NCkCFd��B $ ]�F2&4>ARD>SZ 7 R[NCkCFW�4B

=: ∧
(�L(@GI*)�@BL(E,+
g � � \ g 4 :=

_5>S=�` �dRDNCkCFd��B�kC>ARH�`�B[>SR Y =�>SR[> Y kC> Y ��=�~Y >SH$RbmpN4R[P/> Y 7 cd= F Y k 7 Z[= =: Φ ∧Ψ

� Y B�� g � � � 7 k3' � \ k l Y K k l � \ k;� Y ��k;� � \ k3'
:=
? @Q>SRbGQ]4r^cd> Y = Y B[>SJ$R^H�`>S= Y >qZ 4 >A��BDN$R[mp>A`akC>SZ)oW@Q>SRkC=�> � `a]$r^cd> 7 cW=

=:
∫

Φ

Pdy ∧ dz +Qdz ∧ dx+Rdx ∧ dy

� Y B^T
” ” :=

��N����I>A`?= Y B[>SJ$R^H�`
=:

∫ ∫

� Y B �
” ” :=

��RD>A=�mgH$r^cW= Y B[>SJ$R^H�`
=:

∫ ∫ ∫



� � � ����� � � ����
 ����� 
�� � ��� � � � �

(�L(@GI*)�@BL(E,+

� Y B T
” ”

�?e X �ij�� � mbep� $ 'djuk X � :=
� `a]$r^cW> Y = Y B[>AJ4RDH$`�O$N Y m oW@Q>SR kC> Y
� >ARD>A=ar^c �)= Y kC>AR � $ '�~ s @I> Y >

=:
∫ ∫

(B)

f(x, y)dB

� Y B T
” ”\\ e�j � ˆ

kdE
ˆ :=

� Y B[>SJ$R^H�`{kd>SZ 4 >S��B[N$R[mp>A`akC>qZ���od@Q>SRkC=?>�J$>SZDr^cd`?N4ZDZb> Y > ? @I>AR[GQ]4r^cd>.E
=:

∫∫
© ~Bd ~A

� Y B �
” ”

�?e X _�j�� � mbep� $ ' $ l juk;�dk3'Ck l :=
��H�FdP/= Y B[>AJ4RDH$`:O4N Y m3od@I>AR kC> YRD]$FdP/`�=ar^cd> Y � >ARD>A=ar^c�_

=:
∫ ∫

K

∫
f(x, y, z)dxdydz


